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PERTURBATION OF THE SOLUTIONS OF A SECOND ORDER 
DIFFERENTIAL EQUAIIIION WITH PERTUIIBATION OF THEl BOUNDARY 

ABSTRACT 

This paper i s  concerned w i t h  the  perturbation introduced in to  ) L y  
/ the  solutions of a second order d i f f e r e n t i a l  equation when the  

/! 

boundary i s  perturbed. The solution of the  perturbed proble 

i s  expanded i n  a se r ies  i n  E .  The convergence of the se r i e s  

i s  proved f o r  ( E  I < 1/R (where R>O i s  a constant). 

I 

I n  reference 1, the method of reference 2 i s  used t o  analyze the  per turba- / l ' l  

t i o n  of the  eigenvalues and eigenfunctions of a second order d i f f e r e n t i a l  equa- 

t i o n  when the boundary i s  perturbed. I n  the present a r t i c l e ,  analogous methods 

are  invoked t o  invest igate  the perturbation of the solutions. 

Let u s  consider the  following perturbed problem AE:  

with the  boundary perturbation 

ye(()) 7 0, Ye(1 +e)  -00; 

E i s  a small parameter, 

n =O 

kfa(x),  a (x) ,  b(x) are  analyt ic  functions. 

*Numbers i n  the margin indicate pagination i n  the or ig ina l  foreign tex t .  



Note t h a t  the en t i r e  ensuing discussion ca r r i e s  over almost l i t e r a l l y  t o  

the case when the coeff ic ients  a (x) ,  b(x) represent power ser ies  i n  E ,  i .e. ,  

W 

u ( x )  = ae ( x )  = &"an (x ) ,  
n=O 

m 

Y 
n=O 

a (x) , b (x) are  analyt ic  functions. n n 
For E = 0, the  unperturbed problem A. i s  obtained: 

LYO = Ll; + a  (4 9; + b (XIYO = f o  (4 

with boundary conditions y (0) = 0 ,  yo(l)  = 0. 
0 

LE We w i l l  examine the  two following cases. 

Case 1. Let the unperturbed problem A has a solution f o r  any iunction 0 

fio(x), and f o r  su f f i c i en t ly  small E # 0 l e t  the  solution y (x) of the  problem 

A e x i s t  and be expandable i n  a power se r i e s  i n  E : 

E 

E 

Subst i tut ing (3) in to  (l), (2) and equating the coeff ic ients  of ident ica l  

powers of E ,  we obtain 

LYo = J; + a (4 Y;, + (4 Yo = f o  (4, yo (0) = 0, yo (1) = 0; - 
Ly, = y; + a ( x )  y; + b(x)  yn = f, (x ) ,  y,(O) = 0, 9, (1) -t--. (4) 

1-1 

The solution y (x) , of course, will not be sought; t o  f ind y (x) , we con- 
0 1 

1: s ider  t he  problem A 



. 

The solution y (x) of the  problem A1 has the form 1 

where G(x,s) i s  a Green's function, + (x) i s  a solution of the  boundary value 

problem 

1 

Ly,Ey;+a(x)&+b(x)yl =O, ~ i ( o ) = o ,  Y1(1)= 1. 

It can be demonstrated by induction t h a t  

Proceeding 

(see case 2) by 

Theorem 1. 

from (4) and (5 ) ,  we prove the convergence of the  expansion (3) 

the method of majorants. The resu l t  i s  the  following: 

For case 1, the  solution y (x) of the  problem A E  i s  given by 
E 

t he  expansion (3), which converges f o r  I E I < 1/R 

pendent of  E ) . 
(where R i s  a constant inde- 

Case 2. Now t he  l imit ing problem A i s  not solvable f o r  every function 

fiO(x), and the  corresponding homogeneous problem 

0 

l 'LYI=Y; +a(&/;Cblfx)~l=O? Y1(0)=0, Y 1 ( 1 ) = 0  

has a nont r iv ia l  solution y,(x) , where y{(O) # 0 ,  yl. '(1) # 0. 

homogeneous problem associated with A 

A s  we know, the 

0' 

a l so  has only one (correct t o  a numerical factor)  cont r iv ia l  solut ion z (x), 
0 

where (z  0' Yl) # 0. 
3 



W e  w i  1 seek the  solution y (x) o f  the  perturbed problem A i n  the  form & 
€ € 

4 

y, (x )  = c,y, + (YO + c~Y-J + e (91 + c~Y-J + - * * + en ( y n  + cn+~y-j) $- - ;*I 

( 6 )  ' E  

Substi tuting (6) onto (1) , (2) and equating the  coeff ic ients  of  l i ke  powers 

of  E ,  we obtain 

Making use of Green's formula, we f ind  t h a t  the following conditions 

s t i p u l a t e s  i t s  solvabi l i ty:  

Knowing c we f ind  y,(x) . I f  we require t h a t  the  add,,,mal condi,,m 0' 

be sa t i s f i ed ,  the  solution w i l l  be unique. 

Lemma. The solution yo(x) of  equation (9) with the  condition (11) satis- 

f ies  t h e  following inequality: I . .. 

I I  (q 11, = I I H; ,w 11, + 11 9; ( x )  11, + 11 yo xxj G M [ 11 io 11, + I yo (1 I I 

4 



where M i s  a constant. 

Proof. Let u s  examine the  space P of the twice continuously d i f fe ren t iab le  - 
functions {yo(x)/  on b, 11, sat isfying the  conditions y (0) = 0 and (ll), with 

the  norm 

. o  

I I  Yo (4 II, = i I l/; (4 II, + II  Y;, (4 I!, + II Yo (4 IIC. 

We also  have the space Q 

function on Lo, iJ , d i s  

norm 

of a l l  pairs  (fiO(x), d / ,  where 'flo(x) i s  a continuous 

a r e a l  number associated with equation (lo), with the  

(Q i s  the  d i r ec t  sum of ,he space c [o, 11 and the r e a l  l i n e ) .  

We determine the operator A from P i n  Q: t o  each yo(x) C P  corresponds an 

Ay0 of Q, where 
.I . 

Ago = [ fo (x) ,  4 ,  ' f o  ( x )  = & 4- -I- bl/o Q o ,  d = yo ( I ) = - Co!fL1 (1): , 

I 
. .  

. (  

where flo(x) and d s a t i s f y  the condition (10). The operator A i s  l inear  and /20 
r ea l i zes  a one-to-one mapping of P into Q. 

responds a unique yo(.) of P, sat isfying (9); therefore,  according t o  Banach's 

theorem ( re f .  3), there  ex i s t s  an inverse operator A' with a f i n i t e  norm 

llA-lll = M, such t h a t  

To each pa i r  f l  (x) ,  d of Q cor- 
[ o  I 

o r  

This proves the lemma. 

5 



. 

with the boundary conditions 

By d i r ec t  analogy with the above method, we immediately f ind  t h a t  the con- 

d i t i on  f o r  i t s  so lvabi l i ty  i s  

Hence it follows t h a t  

the  following estimate being applicable t o  the solution 

For proof of the convergence of the expansion (6), we u t i l i z e  the  method 

of  majorants. 

i t i e s ,  we expand the solutions y - l(x), yn(x) and the coeff ic ients  of equations 

( 7 ) ,  (8) i n  power se r i e s  i n  z i n  the  neighborhood of the point x E 1; subst i -  

t u t i n g  these in to  the respective equations ( 7 ) ,  (8) and equating coeff ic ients  

of l i k e  powers of z', we readi ly  obtain 

To formulate, in addition t o  (12) and (l3), the  required inequal- 

6 



1 +1 Multiplying (14) b z and (15) by z"~, then suming over 1 from zero to/21 

i n f i n i t y ,  we obtain 

respect ively,  as well as Z(z), %(z), f ' n ,  and Yn- , majorizing 

so t h a t  
. I  - 

Yo = II Yo" $21 (1) = 1 Yl-1 (01.. yo (0) = I go (0) I = os lcol , 

and we majorize equations (12), (13), (16), (17) : 

7 



. 

Equations (19)-(22) with the i n i t i a l  values (18) enable u s  t o  generate an& 
N 

i t e r a t i v e  process for the  successive determination of Yj,  cj, and y.(z). Let 

t h e i r  values be known for j < n -.1. 

Comparing (19) -( 22) with t h e i r  analogous inequal i t ies  (12) , ( l3) ,  (16), (17) and 

proceeding from (18), we obtain 

J 
c n' n' 
ry From (l9)-(22) we f ind Y and yn(z). 

Let u s  examine the formal power se r i e s  

m m m 

n =O n =O 
. I  

I=O 

By virtue of (19) -(22) and (23) we have 

8 



For z = 0, these re la t ions  are sa t i s f ied  with the  values 

Writing the  re la t ions  (24)) (26)) (27) i n  the respective forms 

9 (c, Itl, u, 2)  = 0, q c ,  u1, u, 2 )  = 0, F (c, 4, u, 4 = 0, 

we immediately obtain 

I 

Hence it follows t h a t  t he  Jacobian has a nonzero value a t  the point 

z = 0, i.e., 

It follows from the  i m p l i c i t  function existence theorem t h a t  t he  system 

(24), (26), (27) defines a system of analytic functions c(z) ,  u ,(z), U ( Z )  i n  

t he  neighborhood of t he  point z = 0. By  virtue of t he  ana ly t ic i ty  of u-,(z), 

C ( Z )  , and u(z) , it follows from equation (25) t h a t  the  function Y(z) i s  a lso 

analyt ic ,  and the power expansions (23) go from formal t o  convergent for s u f -  

f i c i e n t l y  small z. 

- 

The system of equations (24)-(27) shows t h a t  the  coeff ic ients  

h Yj, cj, and y . (z )  of t he  power expansions of these functions are  in te r re la ted  by 
J 

9 
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equation (19) -(22). 

l a r  region I z I < y ,  it follows tha t ,  assuming 0 < 1/R < Y ,  we obtain i n  par t ic-  

a re  posit ive constants). Consequently, u la r  Vn < alRn, cn < a Rn (where a 2 

we have proven the  following theorem. 

Since these power expansions converge i n  a cer ta in  circu- 

- 
1' &2 

Theorem 2. For case 2, the  solution yE (x) of the problem A E  i s  given by 

the  expansion (7), which converges for  1 E I < 1/R (where R > 0 i s  a constant 

independent of E ) . 
This work was carried out under the direct ion of L. A. Lyusternik, t o  

whom the  author conveys h i s  sincere appreciation. 
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